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Abstract 



We use a matrix central-limit theorem which makes the Gaussian Unitary Ensem- 
ble appear as a limit of the Laguerre Unitary Ensemble together with an observation 
due to Johansson in order to derive new representations for the eigenvalues of GUE. 
For instance, it is possible to recover the celebrated equality in distribution between 
the maximal eigenvalue of GUE and a last-passage time in some directed brownian 
percolation. Similar identities for the other eigenvalues of GUE also appear. 

1 Introduction 

The most famous ensembles of Hermitian random matrices are undoubtedly the Gaussian 
Unitary Ensemble (GUE) and the Laguerre Unitary Ensemble (LUE). Let {Xi,j)i<i<j<N 
(respectively (Xj j)i<j<7v) be complex (respectively real) standard independent Gaussian 
variables (E(Xij) = 0, E{\Xijf) = 1) and let Xij = X~ iov i > j. The GUE(iV) is 
defined to be the random matrix X^ = (-^jj)i<jj<Ar- It induces the following probability 
measure on the space Hn of N x N Hermitian matrices: 



where dH is Lebesgue measure on Hn- In the same way, if M > and A^'*^ is a 
N X M matrix whose entries are complex standard independent Gaussian variables, then 
LUE(A^,M) is defined to be the random x matrix Y^'^ = A^'^{A^'^^y where * 
stands for the conjugate of the transposed matrix. Alternatively, LUE(A^, M) corresponds 
to the following measure on Hn- 



Here we give a proof of the fact that GUE(A^) is the limit in distribution of LUE(A^, M) 
as M — > oo in the following asymptotic regime: 
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PN,MidH) = Z^\,{detH) 



exp{-TTH)'ilH>odH . 
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We also prove such a central-limit theorem at a process level when the Gaussian entries 
of the matrices are replaced by Brownian motions. The convergence takes place for the 
trajectories of the eigenvalues. 

Next, we make use of this matrix central-limit theorem together with an observation 
due to Johansson [JohOO] and an invariance principle for a last-passsage time due to Glynn 
and Whitt [GW91] in order to recover the following celebrated equality in distribution 
between the maximal eigenvalue A^^^ GUE(A^) and some functional of standard N- 
dimensional Brownian motion (Sj)i<j<jv as 

N 

Alx= sup J2iB,iU) - B,iU-^)) . (4) 

0=to<- -<tAr=l ~^ 

The right-hand side of (4) can be thought of as a last-passage time in an oriented Brownian 
percolation. Its discrete analogue for an oriented percolation on the sites of is the object 
of Johansson's remark. The identity (4) first appeared in [BarOl] and [GTWOl]. Very 
recently, O'Connell and Yor shed a remarkable light on this result in [OY02]. Their work 
involves a representation similar to (4) for all the eigenvalues of GUE(A^). We notice 
here that analogous formula can be written for all the eigenvalues of LUE(A^, M). On 
the one hand, seeing the particular expression of these formula, a central-limit theorem 
can be established for them and the limit variable Q is identified in terms of Brownian 
functionals. On the other hand, the previous formulas for eigenvalues of LUE(A^, M) 
converge, in the limit given by (3), to the representation found in [OY02] for GUE(A^) in 
terms of some path-transformation F of Brownian motion. It is not immediately obvious 
to us that functionals F and Q coincide. In particular, is this identity true pathwise or 
only in distribution? 

The matrix central-limit theorem is presented in Section 2 and its proof is postponed to 
the last section. In section 3, we described the consequences to eigenvalues representations 
and the connection with the O'Connell- Yor approach. 

2 The central-limit theorem 

We start with the basic form of the central-limit theorem we investigate here. 

Theorem 2.1. LetY^'^ and be taken respectively from LUE{N,M) and GUE{N). 
Then 

^"•"75"" ^ (5) 

Remark 2.2. The fact that each entry of the left-hand side in (5) converges to the corre- 
sponding entry of the right-hand side is just the classical central-limit theorem. But (5) 
asserts that there is also an asymptotic independence of the upper-diagonal entries, which 
is not obvious from the explicit formula of entries. 
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We turn to the process version of the previous result. Let A^'^ = (Aj) be a x M 
matrix whose entries are independent standard complex Brownian motions. The Laguerre 
process is defined to be Y^'^ — A^,'^(^A^My_ n jg built in exactly the same way as 
LUE(iV, M) but with Brownian motions instead of Gaussian variables. Similarly, we can 
define the Hermitian Brownian motion as the process extension of GUE(A'^). 

Theorem 2.3. IfY^'^ is the Laguerre process and {X'^{t))t>Q is Hermitian Brownian 
motion, then: 



'Y^'^{t)-Mtld 



N 



) (X^(t^))t>o (6) 

/ t>0 M-^-oo 



in the sense of weak convergence in C(R+,7iAf). 

As announced, the proofs of the previous theorems are postponed up to section (4). 
Their ideas are quite simple: for Theorem 2.1, we can compute directly on the densities 
given by (1) and (2). For Theorem 2.3, our central-limit convergence is shown to follow 
from a law of large numbers at the level of quadratic variations. We use the usual two- 
stepped argument for the convergence of processes: convergence of finite-dimensionnal 
distributions and tightness. 

Let us mention the straightforward consequence of Theorems 2.1 and 2.3 on the con- 
vergence of eigenvalues. If H E TCn, let us denote by h{H) < ■ ■ ■ < In{H) its (real) 
eigenvalues and 1{H) = {li{H), . . . ,liy{H)). Using the min-max formulas, it is not diffi- 
cult to see that each is 1-Lipschitz for the Euclidean norm on Hn- Thus, I is continuous 
on Hn- Therefore, if we set //^'^ = 1{Y^'^) and = 1{X^) 

N,M 1,4- 
V VM / l<i<N M^oo ^ « ^ - - 

With the obvious notations, the process version also takes place: 

(( """W-^* ) ) ((Af(a)_.).,„ (8) 

^ ^ \/M ) l<i<N/ t>0 ^ — ^ 



M 

Analogous results hold in the real case of GOE and LOE and they can be proved with 
the same arguments. 

For connections with the results of this section, see Theorem 2.5 of [DetOl] and a note 
in Section 5 of [OYOl]. The basic form of our central-limit theorem already appeared 
without proof in the Introduction of [Jon82]. To our knowledge, the process version had 
not been considered in the existing literature. 



3 Consequences on representations for eigenvalues 
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3.1 The largest eigenvalue 

Let us first indicate how to recover from (7) the identity 



TV 

lAT d 



Al,^ sup - i^^(t^-i)) (9) 

0=to<...<tjv=l ~l 

where A^^^^ = is the maximal eigenvalue of GUE(A^) and {Bi , 1 < i < N) is a standard 
A/'-dimensional Brownian motion. If (wjj , G (N \ {0})^) are i.i.d. exponential 

variables with parameter one, define 

H{M, N) = max | ^hJ 5 ^ ^ ^(^' ^)} (10) 

where V{M, N) is the set of all paths tt taking only unit steps in the north-east direction 
in the rectangle {1, . . . , M} x {1, . . . , A^}. In [JohOO], it is noticed that 

H{M,N)^I,^;^^ (11) 

where /x^a^ — I^n'^ largest eigenvalue of LUE(A^, M). Now an invariance principle 

due to Glynn and Whitt in [GW91] shows that 

HiM,N)-M d '^z... X XX 

^ J. ^ sup 5^(i?,(t,) - 5,(t^-i)) . (12) 



On the other hand, by (7) 



,,N,M _ ]\yf 

/^max M ^^^^ _ ^^3^ 

>oo 



Comparing (11), (12) and (13), we get (9) for free. 

In the next section, we will give proofs of more general statements than (11) and (12). 

3.2 The other eigenvalues 

In fact, Johansson's observation involves all the eigenvalues of LUE(A^, M) and not only 
the largest one. Although it does not appear exactly like that in [JohOO], it takes the 
following form. First, we need to extend definition (10) as follows: for each k, 1 < k < N , 
set 

Hk{M, N) = max | ^ Wij ; tti, . . . , tt^ G V{M, N) , 7fi, . . . ,7ik all disjoint | . 

(14) 

Then, the link, analogous to (11), with the eigenvalues of LUE(A^, M) is expressed by 

ZT n\/r n.T\ <^ N,M , N,M , , N.M /-, c-x 
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In fact, the previous equality in distribution is also valid for the vector {H^^M, A^))i<fe<jv 
and the corresponding sums of eigenvalues, which gives a representation for all the eigen- 
values of LUE(A^, M). 

Proof of (15). The arguments and notations are taken from Section 2.1 in [JohOO]. Denote 
by M.M,N the set of M x N matrices A — (uij) with non-negative integer entries and by 
the subset of A G AiM,N such that = — ^- Let us recall that the 

Robinson-Schensted-Knuth (RSK) correspondence is a one-to-one mapping from M-m^ 
to the set of pairs (P, Q) of semi-standard Young tableaux of the same shape A which is 
a partition of s, where P has elements in {1, . . . , N} and Q has elements in {1, . . . , M}. 
Since M > N and since the numbers are strictly increasing down the columns of P, the 
number of rows of A is at most A^. We will denote by RSK(74) the pair of Young tableaux 
associated to a matrix A by the RSK correspondence and by A(RSK(A)) their commun 
shape. The crucial fact about this correspondence is the combinatorial property that, if 
A = A(RSK(A)), then for all A;, 1 < A; < A^, 

Ai + A2 H h Afe = max | ^ a^j ; tti, . . . , tt^ e V{M, N) , tti, . . . , tta, all disjoint 

(iJ)e7riU---U7rfc 

(16) 

Now consider a random M x N matrix X whose entries (.r,^) are i.i.d. geometric variables 
with parameter q. Then for any A° partition of an integer s, we have 

P(A(RSK(X)) = A° ) = ^(^ = ^) ■ 

^e^M.jv . A(RSK(A))=AO 

But for A e Mm^n, F{X = A) = (1 - q)^^q^ is independent of A, which implies 
P(A(RSK(X) = A°)) = (1 - ^° L(A°, M, N) 

where L(A°, M, N) = ^{A e Mm,n , A(RSK(A)) = A°}. Since the RSK mapping is 
one-to-one 

L(A°, M, N) = F(A°, M) F(A°, A^) 

where F(A°, K) is just the number of semi-standard Young tableaux of shape A^ with 
elements in {1, . . . , K}. This cardinal is well-known in combinatorics and finally 

L(x'.M,N)=c-j, n n '"^^j^,"""" 

l<i<j<N l<i<N * ■ 

where cmn = 11 j^M - N + and ^ + N - i such that hP^ > > ■ ■ ■ > 

0<i<N-l 

h% > 0. With the same correspondence as before between h and A, we can write 



P(MRSK(X)) = /.°) = c-jJ-L^ JJ ^h^-h^f Yl 

def /,o\ 
= P{M,N,q)[ri ) ■ 



(jN{N-l)/2 11 yj "-^l 11 /j^Ol 
l<i<j<N l<i<N 



Now set q = 1 — L ^ and use the notation Xx, instead of X to recall the dependence of 
the distribution on L. An easy asymptotic expansion shows that 



L^P{M,N,l-L-^){[Lx\) djjv n 



n 

l<j<iV 



Plve(n,m)[x) 



l<i<j<N 

where PhVE{N,M) is the joint density of the ordered eigenvalues of HJE(A^, M). This can 
be used to prove that 

jh{RSK{x,)) (/.r , /^ri, ■ ■ ■ , /^r ) ■ (17) 

Li L—*00 

On the other hand, if xl is a geometric variable with parameter 1 — L~^, then xl/L 
converges in ditribution, when L — > oo, to an exponential variable of parameter one. 
Therefore, using the link between h and A together with (16), we have 



k 

J(f2h^{RSK{X,))) {H,{M,N)) 

L \ ^ — ' / l<k<N i— »oo 

i=l 



l<k<N 



Comparing with (17), we get the result. 



□ 



Now, let us try to adapt what we previously did with H{M, N) and /i^a^ to the 
new quantities Hk{M,N). First, we would like to have an analogue of the Glynn- Whitt 
invariance principle (12). To avoid cumbersome notations, let us first look at the case 
k — 2, N — 3. In this case, the geometry involved in the H2{M, 3) is simple: we are 
trying to pick up the largest possible weight by using two north-east disjoint paths in the 
rectangle {1,... , A'/} x {1,2,3}. The most favourable configuration corresponds to one 
path (the bottom one) starting at (1, 1) and first going right. Then it jumps to some 
point of {2, . . . , M} X {2} and goes horizontally up to (M, 2). The upper path starts at 
(1,2), will also jump and go right up to (M, 3). The constraint that our paths must be 
disjoint forces the x-coordinate of the jump of the bottom path to be larger than that of 
the jump of the upper path. This corresponds to the obvious figure 1. 



[sM] [tM] M 

Figure 1: Configuration of paths in the case k — 2 and N — 3 



This figure suggests that in the Donsker limit of random walks converging to Brownian 
motion, we will have 

H,{M,3)-2M _^ ^(3)def ^B,it) + B,{s) + B,{l)-B,{t) + B,{l)-B,{s)) 
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where [Bi^ B^) is standard 3-dimensional Brownian motion. 

For the case of A; = 2 and general N , we have the same configuration except that the 
number of jumps for each path will be A?" — 2 so that 

where {Bj)i<j<N is a standard A'"-dimensional Brownian motion and the sup is taken over 
all subdivisions of [0, 1] of the following form: 

= S-i = So = to < Si < ti < S2 < t2 < ■ ■ ■ < tN-2 < SiV-1 = ^iV-l = SjV = tjV = 1 • 

Proof of limit (18). Let us first consider the case of H2{M, N) : 

H2{M,N) = meix{ ^ Wij ; TTi, 7^2 e V{M,N) ; tti, 7r2 disjoint} 

Since our paths are disjoint, one (say vri) is always lower than the other (say 112): for 
all i G {1,... jM}, max{j ; (i.j) G tti} < min{j ; G 712}- We will denote this by 

TTi < 7r2. Then, it is not difficult to see on a picture that, for any two paths Tii < 112 G 
V{M,N), one can always find paths tt^ < G V{M,N) such that tti U 7r2 C tt^ U TTg , 
TTj starts from (1, 1), visits (2, 1) then finishes in (M, — 1) and -n'2 starts from (2, 1) and 
goes up to (M, N). Let us call V{M, N)' the set of pairs of such paths (tt^, TTg). Thus 

H2{M, N) = max{ ^ w,,, ; (tti, tts) G 7^(M, iV)' } . 

Now two paths (7ri,7r2) G V{M,N)' are uniquely determined by the non-decreasing se- 
quences of their N — 2 vertical jumps, namely < ti < ... < tN-2 < 1 for tti and 
< Si < . . . < sjsf-2 < 1 for 7r2 such that: 

- TTi is horizontal on [ [tj-iMj, [tiMj ] x {i} and vertical on {[tjMj} x -|- 1], 

- 7r2 is horizontal on [ [sj_iMj, [sjMj ] x {i-M} and vertical on {[sjMj} x [i-M,i-F2], 

- Sj < for alH G {1, . . . , A?" — 2}, this constraint being equivalent to the fact that 

TTi < 7r2 . 

The weight picked up by two such paths coded by (t^) and (sj) is 

- Wi^i + W2,i + • — h w^t^M},! on the first fioor, 

- wi^2 H h W[siMj,2 + witiM},2 H h W[t2Mj,2 on the second fioor, 

- wlsiMJ,3H \-'Wis2Mi,3 + WLt2Mj,3H ^WLtgMj.s On the third fioor, 

- and so on, up to fioor N for which the contribution is w\_SN-2Mi,N + • — I" 'Wm,n ■ 



7 



This yields 

N , bi-iMJ \tjM\ 

H2{M,N)= sup J2 ( E + E ^^.i ) 

j=l ^ i=[sj-2M} i=[tj-iM} ^ 

Hence, 



= sup > 

j=i 



+ 



. M 

\tjM\ 
i=\tj-iM\ 



M 



Donsker's principle states that 



[sMJ 

- sM 

i=l \ d 



where the convergence takes place in the space of cadlag trajectories of the variable 
s G M+ equipped with the Skorohod topology. This allows us to conclude (see [GW91] 
for a detailed account on the continuity of our mappings in the Skorohod topology). □ 

For general k and N ^ the same pattern works with k disjoint paths having each N — k 
jumps. This yields the following central-limit behaviour: 



Hk{M,N)-kM (^) def y. ^ , _ , 

v-'"-' j=i p=i 



(19) 



where the sup is taken over all subdivisions (sf ) of [0, 1] of the following form: 

sf e [0, 1] , < < sf+i , sf = for i < and = 1 for i > AT - A; + 1 
Now, imitating the argument for the A^^^, we obtain that 

where we recall that \i < ■ ■ ■ < \^ are the eigenvalues of GUE(A^). In fact, the previous 
equality is also true when considering the vector (^^^^'')i<fe<7v and the corresponding sums 
of eigenvalues, which yields a representation for all the eigenvalues of GUE(A^). 
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A representation for the eigenvalues of GUE(A^) was already obtained in [OY02]. Let 
us compare both representations. Denote by 1^0(1^+) the space of cadlag paths / : IR+ — > M 
with /(O) = and for f,ge Vo{R+), define f^ge Vo{R+) and f Q g e Vo{R+) by 

/ ® git) = inf ifis) + git) - gis)) and / © git) = sup if is) + git) - gis)) 

0<s<t 0<s<t 

By induction on N, define : VoiR+)^ ^^o(K+)^ by 

r'-'\L9) = if®9,9Qf) 
and for A?" > 2 and / = (/i, . . . , /at) 

r^^H/) = (/i ® • • • ® /iv, r(^-^)(/2 /i, /3 © (/i ® /2), . . . , /iv (/i ® • • • ® /iv-i))) . 

Then the main result in [OY02] is : 

= r(^)(E)(i) (21) 

where B = (-Bj)i<i<7v is standard iV-dimensional Brownian motion and is the vector 
of eigenvalues of GUE(iV). In fact, it is proved in [OY02] that identity (21) is true for the 
whole processes and not only their marginals at time 1. 
Thus 

Aj^ + X%-, + ■■■ + X%_,^, ^ T^PiB)il) + riJ2,(i?)(l) + • • ■ + T^^^\^,iB)il) . 
Comparison with (20) gives 

^(N) . rS,^)(5)(i) + r!;2i(5)(i) + • • • + r^'2,+,(5)(i) . (22) 

This equality in distribution also holds for the A"- vector i^k^^)i<k<N- 

Now let us remark that the definition of the components F^^^ of F*^^^ is quite intricate: 
it involves a sequence of nested "inf" and "sup". On the contrary, fi^^'* is only defined by 
one "sup" but over a complicated sequence of nested subdivisions. We ignore whether these 
identities are: trivial and uninteresting; already well-known; true for the deterministic 
formulas (ie true when replacing independent Brownian motions by continuous functions) 
or true only in distribution. 

Our concern raises the question about the link between the F*^^) introduced in [OY02] 
and the Robinson-Schensted-Knuth correspondence that gave birth to our . A striking 
equivalence between both objects was recently put forward in the context of random words 
([O'C02]). 

Finally, let us notice that the heart of our arguments to get the previous representations 
is the identity (14). The proof presented here is taken from [JohOO] and is organized in two 
steps : first the computation of the joint density for iHkiM, N))i<k<N by combinatorial 
means and second the observation that this density coincides with the eigenvalue density 
of LUE(A', M). It would be tempting to get a deeper understanding of this result. This 
would all amount to obtaining a representation for non-colliding squared Bessel processes. 



9 



4 Proofs 

Proof of Theorem 2.1. The density of Y^'^ on the space TIn is given by ipM{S)yi-s>QdS 
where 

^m{S) = %s (det S)^-^ exp(- Tr S) . 

We make the following change of variables : H = The density of ^^'^^m^v 

is obtained from %ljM{H)dH = ipM{S)dS and can be written 

]^Ny2j^N{M-N) ^ M-N . H .\ 

det IdAf+^ exp -MTr(ld7v+^) 



H . H 



= Cm exp I (M- TV) log det(Id7v +^) -MTr^) 



where cm = exp(— MA^) ^N^-\)i'2^^N^ ■ But if (A^) are the eigenvalues of i7 e 'Hn-, 
then for small e : 

det (Hat +£//) = 1 + £ ^ + ^ A^^- + 0{e^) 

i i<j 

= l + eTrH + -[{TrHf-TrH^]+0{e^) 

Thus 

log det(Idjv +eH) ^eTrH-—TrH^ + 0{e^) 

which results in 

V.„(/f) = c„exp{(M - iV)(^ - ^ TrH^ + " MTi (23) 

The exponential term in (23) converges to exp(— |Trif^) as M — cxd. Then using Stir- 
ling's formula and the fact that H^Lil-^ ~ i)' ~ TimNTrm^ fi^d that cm 

■' M— >oo M— >oo 

2iv/2^jv^/2 • Thus the density tpM converges to the density ijj of GUE(iV). In fact, it is 
not difficult to see that one can have sufficient control of the rest in the previous asymp- 
totic expansions so as to obtain uniform boundedness of ■^m on compact subsets of Tijv- 
Therefore, dominated convergence yields 



j f{H)i;M{H) dH ^-.^J f{H)^{H)dH 



Hn Hn 

for every / continuous, compactly supported on TIn- □ 
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Proof of Theorem 2.3. We will write A instead of A^^'^ . For 1 < i < iV , 1 < j < M, the 
superscript ij when applied to a matrix stands for its entry at line i and column j. The 
value at time t of any process x will be denoted either x{t) or xt- Let us set 



Zuit) = 



N 



M VM 



Then 



7«J 



; V A''' A''' - MtSij ) , dZ'^^-=y] {A'^dA''' + :4'''dyl**=) , 



which implies 

M 



dZZ ■ dzS' = i- f2i^"'^'''Si'j + dt . 



M 

k=l 

The quadratic variation follows to be : 

M 



k=i 

By the classical law of large numbers, we get that this converges almost surely to : 



Note that he previous formula shows that, in the limit, the quadratic variation is if 
i 7^ / and i' ^ j, which is obvious even for finite M without calculations. However, if 
for instance i — f and i' ^ j, then the quadratic variation is not for finite M and only 
becomes null in the limit. This is some form of asymptotic independence. 

First, let us prove tightness of the process Zm on any fixed finite interval of time [0, T]. 
It is sufiicient to prove tightness for every component, let us do so for Zj} for example 
{Zj^ is real). We will apply Aldous' criterion (see [KL99]). Since Zj^{0) = for all M, it 
is enough to check that, for all £ > 0, 

lim limsup sup P( |Z^(r + 9)- Z^(t)| >e) = Q (24) 
<5-+0 M-^oo T,o<e<s 

where the sup is taken over all stopping times r bounded by T. For r such a stopping 
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time, £ > and 0<6'<5<l,we have 

n\Z]^{T + e)-Z]^{T)\>e) < ^E((Zl^(r + e)-Zll(r)f) 



T 

M 



k=l 

2 



= l 0<.<T+1 



sup lA^^r) 
£ o<s<r+i 



Since ct = E( sup \Ay-\^) < oo, then 

0<s<T+l 



hmsup sup P(|Z1}(t + ^)-Z1^(t)| >£) < ^ 



M^oo r,O<0<(5 



This last line obviously proves (24). 

Let us now see that the finite-dimensionnal distributions converge to tlie appropriate 
limit. Let us first fix i,j and look at the component Z'^ = ^M+\/^yM __ -y^e can write 

I ^ rt 

{xM,yM)t = , {xM,XM)t = {yM,yM)t= OLlds (25) 

fc=l -^o 

where = \Af\'^ + We are going to consider xm- Let us fix T > 0. For any 

{i>i, . . . , Pn) G [— T, T]" and any — to < ti < . . . < tn < T , we have to prove that 

e( exp (i J2 '^jMtj) - XM(i,-i)) ) ^ exp ( ^ ^(t| - . (26) 

V j=i / j=i 

We can always suppose \tj — < 5 where S will be chosen later and will only depend 
on T (and not on n). We will prove property (26) by induction on n. For n = 0, there is 
nothing to prove. Suppose it is true for n — 1. Denote by {J^t)t>Q the filtration associated 
to the process A. Then write: 

n n—l 

Efe^=i j=Efe^=i E(e'(^^(*")-'''^(*"-i))|JPi„_J j . (27) 

We define the martingale Mt — e*''"^^^*) f{xM,XM)t_ Hence 

-^^^i'^n{xM{tn)-XM{tn-l))^J7^ ) _ ]g "^tn {x M ,X 1^)1"^ ^ | \ 
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with the notation {x,x)\ = {x,x)t — {x,x)s. This yields 

e-#(*n-*^-i)E(e^''"(^'^(*")-=^^(*"-i» I J - 1 = E ( Cm \ (28) 

2 

where we set (m = e^^^''^'''^^'«-i"^*""*"-i^^ - 1. Using that \e' - 1| < \z\e^'^, we deduce 
that 

where K = ^'^/2. The Cauchy-Schwarz inequality implies that 

E(ICmI) <k(e {{xm.xm)\1_, - itl-tU))')"" (e (e^^(— )*^.))^/' . 
By convexity of the function x ^ : 

1 o f J. , \ 1 K{tn-t„-l) sup < 



\ fc=l / k=l 



and thus 



E 



/ ,y2/„,^ „.^\tn \ 1 ^-^ / iy?,it„-t„-i) sup aJ^X / ul{t„-t„-i) sup ai\ 



Now let us recall that = |74^''^p + 174{-^|^, which means that has the same law as a sum 
of squares of four independent Brownian motions. It is then easy to see that there exists 
S > (depending only on T) such that E(exp (T^^ sup aD) < oo. With this choice of 

0<u<T 

l^nitn-tn-l) SUp al 

S, K' = E(e ) < OO and thus: 

E{\Cm\)<KK' (¥.{{xM,XM)t.,-{tl-tl_,)YY' 

\ / ikZ— >oo 

(by the law of large numbers for square-integrable independent variables) . Since | | < 
1, we also have 

— SM — ^ U . 



Therefore 



^(TT^CMlJ't^.,) 0. (29) 



In turn, by looking at (28), this means that 



^(^^iM^M{t„)-XM{tn-l)) I J g^(4-tn-l) 

JM"— »oo 
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Now, plug this convergence and the induction hypothesis for n — 1 into (27) to get the 
result for n. 

The same is true for i/m- To check that the finite-dimensionnal distributions of 
have the right convergence, we would have to prove that : 

e( exp (i^iyi{xM{ti) - XM{ti-i)) + iiiiyuiti) - yM(^i-i))) J 



— > exp 

M— >oo 



j:'-^iti-tu)] . (30) 

.1=1 



But since {xm, Vm) = 0, 



Mt = exp [iivuXMit) + jj-nyuit)) - Y{^M,XM)t " Y(yM,yM)t 

is a martingale and the reasoning is exactly the same as the previous one. 

Finally, let us look at the asymptotic independence. For the sake of simplicity, let us 
take only two entries. Set for example xm = Z]^ and yM = \/2Re(Z||). Then we have 
to prove (30) for our new XM,yM- Since {xu^yu) 7^ 0, M.t previously defined is no more 
a martingale. But 

Mt = exp [i{l'nXM{t)+IInyM{t)) - -^{xM,XM)t " Y^V'^^y'^^t ~ T^nfJ-nix M , y m) t \ 

is a martingale and the fact that {xM,yM)t — ^ allows us to go along the same lines 

M— >oo 

as before. 

□ 
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